Abstract. We study the p-adic variation of triangulations over p-adic families of (ϕ, Γ)-modules. In particular, we study certain canonical sub-filtrations of the pointwise triangulations and show that they extend to affinoid neighborhoods of crystalline points. This generalizes results of Kedlaya, Pottharst and Xiao and (independently) Liu in the case where one expects the entire triangulation to extend. As an application, we study the ramification of weight parameters over natural p-adic families.
Introduction
Let p be a prime number. Results, and questions, in the p-adic Langlands program may be naturally phrased, or asked, by studying p-adic families of automorphic forms [16, 11] . Regarding p-adic automorphic forms in their own right, the variation of the associated (ϕ, Γ)-modules is a central tool [3] . One recent result, see [23, 26] , is that if a p-adic family of (ϕ, Γ)-modules is pointwise completely reducible, i.e. a successive extension of rank one objects, then it remains completely reducible in the family, at least generically. In language perhaps known to the reader, and used in this paper, pointwise triangulations in p-adic families extend to triangulations over open dense loci. This follows in the tradition of the famous reducibility of local Galois representations over Hida families [27] .
However, there are arithmetically interesting points which fail to lie in global triangulation loci. The most concrete example is a point on the Coleman-Mazur eigencurve [14] corresponding to the non-unit pstabilization of a p-ordinary CM form. Such points lie in the image of one of Coleman's θ-maps [6] and the associated p-adic L-function exhibits curious behavior [2] .
The aim of this article is to give a detailed account of the variation of (ϕ, Γ)-modules near classical points in p-adic families of automorphic forms, especially those which are known not to lie in a global triangulation locus. Note: we will be concerned with (ϕ, Γ K )-modules for K/Q p a finite extension but for the purposes of the introduction we will assume K = Q p . There is no loss of content, only notation.
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1.1. Trianguline (ϕ, Γ)-modules. We use R to denote the Robba ring over Q p . It is the ring consisting of analytic functions f converging on a p-adic half-open annulus r(f ) ≤ |T | < 1, for some radius r(f ) depending on f . There are continuous commuting actions of a Frobenius operator ϕ and the group Γ ≃ Z × p . A (ϕ, Γ)-module D is a finite free R-module equipped with commuting, R-semilinear actions of ϕ and Γ, such that ϕ(D) generates D as a R-module, see [8] . The rank one (ϕ, Γ)-modules are parameterized by continuous characters δ of Q × p . If δ is such a character we denote the corresponding (ϕ, Γ)-module by R(δ). A triangulation of a (ϕ, Γ)-module D is a filtration P • 0 = P 0 P 1 · · · P d−1 P d = D by (ϕ, Γ)-submodules, such that each successive quotient P i /P i−1 ≃ R(δ i ) is a rank one (ϕ, Γ)-module. The ordered tuple (δ 1 , . . . , δ d ) is called the parameter of P • . We say D is trianguline if it may be equipped with a triangulation. Examples coming from Galois representations show there may be many ways to triangulate a given D.
By the work of Fontaine, Cherbonnier-Colmez, Kedlaya and Berger, see [8] , there is a fully faithful embedding V → D rig (V ) which associates a (ϕ, Γ)-module to each continuous, finite-dimensional representation V of G Qp . If V is crystalline then D rig (V ) is trianguline and, generically, the triangulations of D rig (V ) are in bijection with the orderings of eigenvalues for the crystalline Frobenius acting on D cris (V ).
The global context of trianguline (ϕ, Γ)-modules, and thus this article, is spaces of p-adic automorphic forms. It is a folklore conjecture, generalizing a conjecture of Fontaine and Mazur [18] , that an irreducible Q p -linear, finite-dimensional representation of the global Galois group G Q which is
• unramified at all but a finite set of primes and • trianguline at p should (essentially) appear in a space of finite slope p-adic automorphic forms. A precise statement was written down by Hansen recently, see [19, Conjecture 1.2.3] . The only known result is due to Emerton and settles the question in dimension two, via local-global compatibility in the p-adic Langlands program for GL 2/Q [16, Theorem 1.2.4(1)]. The converse, that global representations attached to p-adic automorphic forms are trianguline at p is known in many situations by [23, 26] , including eigenvarieties attached to definite unitary groups. This plays a role in recent conjectures of Breuil [11] regarding aspects of the p-adic local Langlands program for GL n (Q p ) with n > 2. Definition. Let D be a crystalline (ϕ, Γ)-module with distinct Hodge-Tate weights k 1 < · · · < k d . If P ⊂ D is a saturated (ϕ, Γ)-submodule of rank i then P is called non-critical if the lowest i weights {k 1 , . . . , k i } are the Hodge-Tate weights of P .
Note that D is always a non-critical (ϕ, Γ)-submodule of itself. We extend the notion of non-critical to a triangulation P • by declaring a triangulation P • to be non-critical if P i is non-critical for each i. This agrees with the original definition of Bellaïche and Chenevier [3] . More generally, we have the following construction. If D is a crystalline (ϕ, Γ)-module and P • is a triangulation then we define the non-critical indices I nc = {i : P i is non-critical} = {0 = i 0 < i 1 < i 2 < · · · < i s = d} and a filtration (called a parabolization, rather than a triangulation, following Chenevier [12] ) P nc
• : 0 = P nc 0 P nc 1 · · · P nc s = D by declaring that P nc j = P ij for j = 0, 1, . . . , s. In short, P nc • only knows the non-critical steps in the triangulation P • ; it is called the maximal non-critical parabolization of P • .
1.3.
Refined families and p-adic variation. Now suppose that X is a reduced rigid analytic space over Q p . In Section 6.1 we will define and consider so-called refined families (ϕ, Γ)-modules over X. For now it suffices to know that a refined family D X = {D x } x is a family of (ϕ, Γ)-modules over a relative Robba ring R X with the following properties:
• there exists continuous characters δ i : Q × p → Γ(X, O) × and • Zariski dense sets of points X nc cl ⊂ X cl ⊂ X(Q p ), such that
• if x ∈ X cl then D x is crystalline with distinct Hodge-Tate weights and
• if x ∈ X nc cl then D x is triangulated by a non-critical triangulation P •,x whose parameter is (δ 1,x , . . . , δ d,x ). Here, δ i,
× is the character with values in the residue field L(x) obtained by post-composing with the evaluation map at x. It follows from [23, Theorem 6.3.13] or [26, Theorem 5.3.2] that in a neighborhood of a point x 0 ∈ X cl , each (ϕ, Γ)-module D x is triangulated by a triangulation P •,x , which is essentially canonical as long as x 0 is sufficiently generic, see Proposition 6.1. But not that the parameter of P •,x may (and will in critical cases) differ from the natural choice (δ 1,x , . . . , δ d,x ).
Our main result shows that despite the possible non-variation of the pointwise parameters, the maximal non-critical parabolization ofP •,x0 varies analytically. Strictly speaking, we only defined P nc •,x for certain points x ∈ X cl but there is a way of extending the definition to every point (which requires reference to the family).
Theorem A (Theorem 6.4). If D X is a refined family of (ϕ, Γ)-modules and x 0 ∈ X cl is very ϕ-regular 1 then there exists an open affinoid neighborhood x 0 ∈ U ⊂ X and a filtration
The history of our result is relatively short. In the case where x 0 is non-critical, so an entire triangulation extends to affinoid neighborhoods, Theorem A has two independent proofs, given essentially at the same time. One proof was given by Liu [26] using a generalization of Kisin's interpolation of crystalline periods [24, 3] over general affinoid bases. The other proof was given by Kedlaya, Pottharst and Xiao [23] and relied explicitly 2 on the finiteness of Galois cohomology for families of (ϕ, Γ)-modules (also proven in [23] ). Neither work makes any general comment on what to expect at a general classical point, especially in the critically triangulated case.
Our technique is inspired by the latter proof [23] and separate work of Liu emphasizing the utility of torsion (ϕ, Γ)-modules [25] . To explain this, let's recall the Kedlaya-Pottharst-Xiao proof of Theorem A in the non-critical case.
Under mild regularity assumptions one can check, using the finiteness of Galois cohomology in families, that Hom (ϕ,Γ) (R X (δ 1 ), D X ) is locally free of rank one near x 0 . Indeed, it may be checked point-by-point, and essentially just at the point x 0 and the points in X nc cl . Choose an everywhere non-vanishing morphism e : R X (δ 1 ) → D X . The non-critical hypothesis on x 0 means that the specialized morphism e x0 : R(δ 1,x0 ) → D x0 has saturated image and, thus, coker(e x0 ) is free. An easy argument shows that one can shrink X so 1 This is a technical condition, and is the same as "sufficiently generic" above. 2 The author has been told that Liu's work established some of these results, implicitly.
that coker(e) is a (ϕ, Γ)-module over X. The rest of the proof of Theorem A is carried about by induction from this case.
A generalization of this strategy, to critical points, requires us to define an a priori candidate for the first step P nc 1 of the sought after parabolization. In the non-critical case P nc 1 is handed to us on a platter as R X (δ 1 ). However, there seems to be no easy way to guess P The novel feature of our proof is to embrace the non-saturatedness of the morphism e x0 in the critical case. Thus we proceed by studying more general families of (ϕ, Γ)-modules whose fibers have R-torsion in them. We call such modules generalized (ϕ, Γ)-modules following Liu [25] . In Section 3, we give a generalization of the notion of a triangulation of a generalized (ϕ, Γ)-modules which is well-adapted to attacking Theorem A. The novelty of our proof is the introduction of torsion into the fibers at every point in order to canonically describe a candidate for coker(P nc 1 → D), thus producing P nc 1 as needed for Theorem A. Let us finish by mentioning two applications of Theorem A to the extrinsic and intrinsic geometry of p-adic families of automorphic forms.
1.4. Ramification of weights. The first application regards the ramification of weights in refined families. Let D X be a refined family and x 0 ∈ X cl . Consider the triangulation P •,x0 and denote its parameter by ( δ 1,x0 , . . . , δ d,x0 ). As shown in the text, the lists of distinct weights wt( δ i,x0 ) and {wt(δ i,x0 )} are the same.
Thus we may define a permutation π x0 by the formula wt( δ i,x0 ) = wt(δ πx 0 (i),x0 ). We remark that π x0 = id if and only if x 0 is non-critical.
We now let T x0 X be the Zariski tangent space to X at x 0 . If f is the germ of a function at x 0 and v is tangent vector, we let ∇ v (f ) denote the directional derivative of f with respect to v. Our second theorem is that certain differences of weights are constant in every tangent direction.
Theorem B (Theorem 7.1). If D X is a refined family over X and x 0 ∈ X cl is very ϕ-regular then
for all i = 1, . . . , d and v ∈ T x0 X. In particular, if x 0 is critical then the weight map ramifies.
Theorem B, and in particular the use of Theorem A in making a quick reduction, was noticed independently by the author and Breuil. We reproduce an argument similar to [11, Théorème 9.7] in Section 7. Our proof will make use Theorem A and Liu's results on crystalline periods [26] . But we note that such a theorem could have been proven using only the (infinitesimal) study of crystalline periods in the weakly refined families ∧ i D (as in [3, §4.3] , for example) combined with deformation calculations similar to [6, Proposition 2.4] . Finally Theorem B is one key in recent work of the author and Chojecki on constructing overconvergent p-adic companion forms for a unitary group in three variables, see [7, Section 3] .
1.5. Smoothness at critically triangulated points. It is worth mentioning that a converse to Theorem B should true: the weight parameters should provide an isomorphism between a refined family (arising from the global context of p-adic automorphic forms) and a p-adic weight space at non-critical points, see [3, Conjecture 7.6.12] . Two known results in this direction are [2, Proposition 2.11] and [12, Theorem 4.10] . In general, however, the local geometry of p-adic families of p-adic automorphic forms at critically triangulated points is more subtle [1] . Understanding this subtlety was the purpose of the author's doctoral thesis at Brandeis University [5] . 3 We thank Eugen Hellman for pointing out the following example which concretely illustrates the issue involved. It is possible to construct two families of rank two of (ϕ, Γ)-modules D and D ′ , over certain reasonable loci on a Coleman-Mazur eigencurve such that
• Du ≃ D ′ u , and both areétale, for all u except one point u 0 and
is not. Thus, even knowing that D is an extension of two characters on the complement of a point is not enough to determine an extension over the puncture.
First, Theorem A allows us access to the paraboline deformation functors introduced by Chenevier [12] , essentially allowing linear algebra calculations to take place. When combined with Theorem B, this allows for a large chunk of the variation of Galois representations in p-adic families of automorphic forms on unitary groups to be explained, even at critically triangulated points. One then hopes to use the knowledge of the variation of Galois representations to prove a big "R = T" theorem over the family, earning smoothness as a byproduct of the method working. Some examples of the argument, in any dimension, can be found in [5] . The author plans on presenting (and precising) them in separate work.
1.6. Organization. Section 2 briefly recalls the theory of (ϕ, Γ)-modules and the important theorems. Section 3 introduces triangulations and parabolizations, including a definition for torsion (ϕ, Γ)-modules. Section 4 is a digression into the theorems of [23] and applications. Section 6 contains our result on the variation of parabolizations in p-adic families, and Section 5 plays a supporting role. Finally we study the ramification of the weight parameters in Section 7.
1.7. Notations and conventions. Throughout the text we will make the following conventions. They will follow [23] closely.
We fix an algebraic closure Q p and a p-adic valuation on Q p so that |p| = p −1 . K will always denote a finite extension Q p . We let F be the maximal unramified subextension of Q p , f K = (F : Q p ) the inertial degree and e K the ramification index.
We will let K ∞ = lim − →n K(ζ p n ) be the extension obtained by adjoining to K all the p-power roots of unity. The maximal unramified subextension of K ∞ is denoted by
We allow L to change at will. Note that L ⊗ Qp K ≃ τ L and we denote by e τ the idempotent in L ⊗ Qp K which projects onto the τ -component. If M is an L ⊗ Qp K-module we write M = τ e τ M for the corresponding decomposition.
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Review of (ϕ, Γ K )-modules
We give a short review of (generalized) (ϕ, Γ K )-modules, their relationship with Galois representations and the p-adic arithmetic theory (cohomology, p-adic Hodge theory, etc.). All the notations from Section 1.7 are enforced, including the choice of L for a generic coefficient field containing the image of each embedding of K into Q p .
2.1. The Robba ring. We quickly remind the reader of the definition of the Robba ring R K , setting notation for the most part.
For each pair of rational numbers 0 < s ≤ r ≤ ∞ we define a p-adic annulus
over F ′ . When r = ∞ this is a p-adic disc. We also let , a coherent sheaf Q on X r0 is the same
modules satisfying the obvious compatibilities. The global sections of a sheaf Q may be calculated by
If Q is a finitely presented module over X r0 then there is a coherent sheaf defined by the compatible family X , so this is immediate.
There is another way one might think about the ϕ-pullback condition on generalized ϕ-modules. If Q is a generalized ϕ-module over X r0 then the choice of isomorphism ϕ * Q ≃ Q (0,r0/p] defines an operator, by
and so this version of ϕ is naturally a semi-linear operator (albeit with a different source than target).
r0 is a generalized ϕ-module over X r0 equipped with a continuous R r0 X -semilinear action of Γ K which commutes with ϕ. If we drop the word generalized, we insist that Q r0 be a ϕ-module.
Note that we insist that Γ K preserve the radius r 0 of the generalized (ϕ, Γ K )-module. We are now ready to remove the finite radius assumption.
If Q is a generalized (ϕ, Γ)-module then there exists an r 0 > 0 such that Q arises via base change from a generalized (ϕ, Γ K )-module Q r0 over X r0 . Thus for any r 0 > r
. In particular, if Q is a generalized (ϕ, Γ K )-module then we may always take a radius sufficiently small to make sense of the notation Q r0 . By a morphism f : Q → Q ′ of generalized (ϕ, Γ K )-modules we mean a continuous (ϕ, Γ K )-equivariant morphism of R X -modules. By definition there must exist an r 0 > 0 so that f arises from base change of a map f r0 : Q r0 → (Q ′ ) r0 for r 0 sufficiently small. The space of all morphisms will be denote by Hom(Q, Q ′ ). This is also a generalized (ϕ, Γ K )-module in the natural way. Taking Q ′ = R X we obtain the dual module Q ∨ , which we will only use if Q is a (ϕ, Γ K )-module.
Galois representations.
It will be useful to remind ourselves of the following connection between Galois representations and (ϕ, Γ K )-modules. If A is an affinoid Q p -algebra then by an A-linear representation of G K we mean a finite projective A-module V together with a continuous A-linear action of the Galois group
There is a fully faithful, exact embedding
(a) D rig commutes with base change A → A ′ and (b) when A is finite over Q p , D rig is essentially surjective onto the category ofétale (ϕ, Γ K )-modules.
The theorem as we've stated it can be read off from [22, Theorem 3.11, Theorem 0.2]. The earliest results were proven was part was when A is a field. For that, Fontaine and separately, Cherbonnier and Colmez, gave proofs with the caveat that the Robba ring is replaced with a different ring of analytic functions of affinoid subdomains of discs, see [17] and [13] . The key step in extending the theorem to the Robba ring as we've discussed it was Kedlaya's theorem on slope filtrations [21] . The family results are more recent and one does not in general have a description of the essential image.
2.3. Rank one (ϕ, Γ K )-modules. Rank one (ϕ, Γ K )-modules over A are parametrized, essentially, by continuous characters δ :
Let us recall the construction of (ϕ, Γ K )-modules of character type. Note that by [23, Theorem 6.2.14] every rank one (ϕ, Γ K ) arises, locally on A, from one of character type.
Choose a uniformizer ̟ K of K. We can write δ = δ nr δ wt where δ
wt extends in a unique manner to the abelianization of the Galois group G ab K , using the local Artin map, and we denote δ wt the corresponding Galois character δ wt :
On the other hand, by [23, Lemma 6.2.3] there is a unique rank one free (F ⊗ Qp A)-module D δ nr (̟K ) equipped with an operator ϕ, semilinear with respect to ϕ ⊗ 1, such that ϕ fK = 1 ⊗ δ nr (̟ K ). We give it the trivial Γ K -action and define the rank one (ϕ, Γ K )-module
This is independent of any choices made and satisfies
Assume now that A is an L-algebra for L as in the notations, see Section 1.7. If δ : K × → A × is a character then we can define its weights as follows. The group K × , as a group over Q p , has a Lie algebra of dimension (K : Q p ) = #Σ K . The differential action gives rise to a weights (wt
It is easy to see that (wt τ (δ)) τ only depends only δ wt in the decomposition of the previous paragraph (thus the notation).
p-adic
Hodge theory. The definition of weight given above is a special case of extending the usual Fontaine functors D Sen , D dR , D cris , etc. from p-adic Hodge theory to the category of (ϕ, Γ K ) modules. In particular, we have the notions of Hodge-Tate-Sen weights, crystalline (ϕ, Γ K )-modules, etc. We won't recall the definitions and will refer to [8, 9] as needed.
One of Berger's main results [9, Théorème A] is that the functor D pst (−) induces an equivalence 
) is a filtered ϕ-module with trivial ϕ fK -action and the Hodge-Tate filtration has weights
R L for some collection of non-negative integers r τ ≥ 0.
Proof. See [23, Corollary 6.2.9].
It's easy to see
submodule of R L whose Hodge-Tate weights, computed by passing to D pst (D), are zero (for each τ ∈ Σ K ). The element t = τ t τ is, up to a unit, the ubiquitous t which plays the role of the p-adic 2πi in all of p-adic Hodge theory. The (ϕ, Γ K )-submodule tR L is crystalline and its τ -Hodge-Tate weight is −1 for each τ .
Galois cohomology.
Suppose that A is an affinoid algebra and that Q is a generalized (ϕ, Γ K )-module over A. Let ∆ K ⊂ Γ K be the p-torsion subgroup (which only exists if p = 2) and choose a topological generator γ 0 ∈ Γ K /∆ K . One then defines the Herr complex [20] as the three term complex C
The Galois cohomology groups H • (Q) of Q are defined to be the cohomology groups of the complex C
• γ0 (Q). The complexes depend on the choice of γ 0 up to canonical quasi-isomorphism, so the cohomology is welldefined.
When A is finite over L, the Galois cohomology is finite-dimensional and satisfies an Euler-Poincaré formula [25] 
where the rank of torsion module must be suitably interpreted, see Section 2.6. The finiteness is true over general affinoid L-algebras A in the case of (ϕ, Γ K )-modules by [23] . We will review that result in Section 4. But now let us review the dimensions of the cohomology of rank one (ϕ, Γ K )-modules over a field. To shorten notation, if δ :
τ with r τ ≤ 0 for each τ , and
Let's finish this section with a definition.
(a) We say that δ and δ ′ are homothetic if there exists integers (r τ ) τ ∈ΣK such that δ = δ To put the previous definition in context, if δ and δ ′ are homothetic then following Proposition 2.5 we have, after possibly switching the role of δ and
By [8, Proposition 4.12] , each term in the product is an adequate Bézout domain. In particular, finitely generated R L modules are free if and only if they are torsion free (with respect to the total ring of divisors) and there is a robust theory of elementary divisors over R L . As a consequence, a generalized (ϕ,
We say that S is pure if S is free over R A / ( τ t rτ τ ) for some collection of integers r τ ≥ 0, not all of which are zero.
The typical example of a pure torsion (ϕ,
Proof. The lemma is proven in the case K = Q p in [25, Proposition 3.1]. The proof in this case is the same, the main point being Proposition 2.4. We reproduce it for convenience. Let D be a generalized (ϕ, Γ K )-module. If it is a (ϕ, Γ K )-module then it obviously cannot have t-torsion. So suppose that D is t-torsion free and choose a quotient map R ⊕m L ։ D, whose kernel we denote by E. By the theory of elementary divisors over R L , we know that we can find a basis {e i } of R ⊕m L such that, provided E is non-zero, E is spanned by f 1 e 1 , . . . , f s e s for uniquely defined ideals
We claim that each f i is a unit and it suffices to show that f s is a unit.
We will first show that each ideal f i R L is a (ϕ, Γ K )-submodule of R L (which then proves the second statement of the proposition as well). Let's write d i ∈ D as the image of e i ∈ R L , so that {d i } generates D and f i is a principal generator for the annihilator of 
By Lemma 2.6, the cohomology of torsion (ϕ, Γ K )-modules reduces to the cohomology of pure torsion (ϕ, Γ K )-modules and that is explained by the following calculation. 
Parabolizations and triangulations
Triangulations of (ϕ, Γ K )-modules arose following Colmez's work on the p-adic local Langlands for GL 2 (Q p ), see [15] . In this section we have two goals. First, we will recall parabolizations of (ϕ, Γ K )-modules, a more general notion due to Chenevier [12] , and the definition of critical and non-critical triangulations. Our second goal is to extend the definition of triangulation in a reasonable way to the category of generalized (ϕ, Γ K )-modules. We discuss the latter notion only in the case where the coefficients are a field.
Parabolizations of
• for each i = 1, . . . , s we have that P i /P i−1 is a (ϕ, Γ K )-module over A which is a R A -module direct summand of P i .
If P • is a parabolization of the maximal length s = rank RA D then we say that P • is a triangulation. We say D is trianguline if, after possibly extending the coefficient field L, there exists a triangulation of D. 
whose successive quotients are L ⊗ Qp F direct summands. In the case that s = d we call R • a refinement.
Suppose that R • is a refinement of a crystalline (ϕ, Γ K )-module. Then each of the quotients R i /R i−1 is a rank one L ⊗ Qp F -module equipped with a linear operator ϕ fK . We denote by φ i ∈ L × the eigenvalue of
• D cris (D) K . Each of the ϕ-stable subspaces (R i ) K has an induced Hodge filtration. We define, for each τ ∈ Σ K and i = 1, . . . , d an integer s i,τ so that {s 1,τ , . . . , s i,τ } are the τ -Hodge-Tate weights appearing in (R i ) K,τ . In summary, triangulations and refinements have the following invariants A triangulation P • the ordered parameter (δ 1 , . . . , δ n ).
A refinement R • the ordering of ϕ fK -eigenvalues (φ 1 , . . . , φ n ) and the τ -Hodge-Tate weights (s 1,τ , . . . , s d,τ ) τ .
Note that if P • is a triangulation of a crystalline (ϕ, Γ K )-module D then each step P i is a crystalline (ϕ, Γ K )-module as well. δ 1 ) , . . . , wt τ (δ n )), and
for some (or, any) choice of uniformizer
• is a refinement with orderings (φ 1 , . . . , φ n ) and (s 1,τ , . . . , s d,τ ) τ ∈ΣK then the parameter (δ 1 , . . . , δ n ) of the corresponding triangulation P • is given by
Proof. The first part follows from Berger's dictionary [9] between potentially semistable (ϕ, Γ K )-modules and filtered (ϕ, N, G K )-modules. The second two parts are easy inductions from the rank one case. In the case that K = Q p a longer discussion can be found in [3, Proposition 2.4.1].
3.2.
Critical and non-critical triangulations. For this subsection we work with a fixed crystalline (ϕ, Γ K )-module D over the field L.
Definition. Suppose that P ⊂ D is a saturated (ϕ, Γ K )-submodule. If τ ∈ Σ K then we say that P is τ -non-critical if there exist an integer k τ such that
We say P is τ -critical otherwise. Finally, P is called non-critical if P is τ -non-critical for each τ ∈ Σ K and P is critical if there exists a τ ∈ Σ K such that P is τ -critical.
The definition is only given for crystalline (ϕ, Γ K )-modules as it relies on the correspondence Proposition 3.1. A more general definition will be given later which applies to certain p-adic limits of crystalline (ϕ, Γ K )-modules, see page 24.
In the case of regular Hodge-Tate weights, we have a convenient way to check whether or not a saturated (ϕ, Γ K )-submodule is critical or not.
Proof. First, (b) implies (a) by definition. Second, (b) and (c) are easily equivalent. Now suppose that P is non-critical and choose an integer k τ such that
Since the Hodge-Tate weights are all distinct we conclude 
Thus (c) is true if and only if
which is (d).
At this point, one could define what it means for a triangulation to be non-critical. More generally, for each parabolization P • of a crystalline (ϕ, Γ K )-module we define a subparabolization P nc • ⊂ P • for which every step is non-critical.
The maximal non-critical parabolization P nc
• is the filtration P nc
We say that P • is non-critical if P nc • = P nc , and critical otherwise.
Notice that, as suggested by our notation, I nc = ∅ and i r = d, since D itself is always a non-critical (ϕ, Γ K )-submodule of itself. In the case where D has regular weights, Lemma 3.2 shows that P nc • is the unique subparabolization of P • consisting of the steps whose Hodge-Tate weights are as low as possible. Furthermore, it is easy to check that (P nc
• , hence the use of the word "maximal". Let us end this subsection with a brief example. 
This triangulation is critical if and only if D is split.
Generalized triangulations.
Recall that a pure torsion (ϕ, Γ K )-module over L is a generalized (ϕ, Γ K )-module that is free over R L / τ t rτ τ for some collection (r τ ) τ of non-negative integers, not all zero. Definition. We say a pure torsion (ϕ, Γ K )-module Q is of character type if there exists a continuous character δ : K × → L × and a collection of non-negative integers (r τ ) τ , not all zero, such that Q ≃ coker(
If Q is pure torsion of character type then we refer to the non-zero elements of {r τ } τ ∈ΣK as the torsion exponents of Q and {wt τ (δ)} τ ∈ΣK : rτ =0 as the torsion weights of Q. By Proposition 2.7, these invariant completely classify Q among pure torsion (ϕ, Γ K )-modules of character type.
is either a rank one (ϕ, Γ K )-module or a pure torsion (ϕ, Γ K )-module of character type. We say that Q is triangulated if it is equipped with a triangulation and trianguline if it may be triangulated, after possibly extending scalars.
A triangulation of a generalized (ϕ, Γ K )-module has a number of invariants. First of all, unlike for (ϕ, Γ K )-modules, the length d of a triangulation depends on
Since the torsion submodule Q tor := Q[t ∞ ] ⊂ Q is (ϕ, Γ K )-stable one may always, without loss of generality, assume that there exists an 0 ≤ i ≤ d such that Q i = Q tor and Q/Q i is a (ϕ, Γ K )-module. In this case, we call Q • a standard triangulation and the integer i is called the torsion length of the triangulation. The integer d − i is called the free length of Q. This makes sense since d − i is independent of Q • (and equal to rank RL Q/Q tor ).
Suppose that Q • is a standard triangulation. The induced triangulation on Q/Q tor has an ordered parameter (δ d−i , . . . , δ d ) whose length is the free length of Q. The induced triangulation on the torsion part also has invariants. For one, if 1 ≤ j ≤ i then Q j /Q j−1 is pure torsion of character type and thus has exponents (r j,τ ) τ ∈ΣK and weights (w j,τ ) τ . Note that it may happen that for some τ , r j,τ = 0. However, ranging over j we can a priori predict the frequency at which this happens.
Definition. If Q is a generalized (ϕ, Γ K )-module then its τ -torsion length is defined by
Fix a τ ∈ Σ K and a standard triangulation Q • of a generalized (ϕ, Γ K )-module with torsion length i and exponents (r j,τ ) τ,j . With the above definition it is easy to see that ℓ τ (Q) = # {j : r j,τ = 0} and that ℓ τ ≤ i.
To summarize the previous discussion we separate out the following definition.
Definition. If Q • is a standard triangulation of a generalized (ϕ, Γ K )-module Q then, in the notation above,
• its torsion length is the unique i such that Q tor = Q i , • its torsion exponents are ((r j,τ ) τ ) j≤i ,
• its torsion weights are ((w j,τ ) τ ) j≤i and
• its free parameter is the ordered parameter (δ j ) j>i .
If we specify an element τ ∈ Σ K then we refer to (r j,τ ) j≤i and (w j,τ ) j≤i as the τ -torsion exponents and τ -torsion weights.
There is inherit flexibility in preserving trianguline-ness of generalized (ϕ, Γ K )-modules, as the following shows. Recall that we defined the notion of homothety among continuous characters of K × at the end of Section 2.5.
Lemma 3.4. Suppose that Q is a generalized (ϕ, Γ K )-module, Q • is a standard triangulation of torsion length i with torsion exponents ((r j,τ ) τ ) j≤i , torsion weights ((w j,τ ) τ ) j≤i and free parameter (δ j ) j>i . Assume furthermore that δ i+1 is non-homothetic to δ j for j > i + 1.
Then, for every Σ K -tuple (r i+1,τ ) τ of non-negative integers such that
there exists a unique (up to scalar) inclusion τ t ri+1,τ τ R L (δ i+1 ) ֒→ Q whose cokernel is a triangulated generalized (ϕ, Γ K )-module with a standard triangulation having invariants:
• torsion length i + 1 (unless r i+1,τ = 0 for all τ , in which case it has torsion length i)
For each j ≤ i we choose a character δ j whose τ -weight is w j,τ and so
By our assumption on the tuple (r i+1,τ ) τ and Proposition 2.7 we see that
Thus, by induction, we have Hom(R L (δ), Q) = Hom(R L (δ), Q/Q i ). On the other hand, Q/Q i is triangulated by a parameter (δ i+1 , . . . ) whose higher terms are not homothetic to
) is one-dimensional. Moreover, the unique morphism e : R L (δ) → Q factors through the subquotient R L (δ i+1 ). In particular, e is injective and the calculation of the triangulation induced on the coker(e) is clear.
Note that under the hypotheses only contained in the "suppose" sentence of the previous lemma, one can always find infinitely many such integers r i+1,τ .
Galois cohomology in families
In this short section we expand on Section 2.5. In particular, we recall the main results of [23] and develop a simple cohomology and base change framework for generalized (ϕ, Γ K )-modules. The framework will be applied in Sections 5 and 6. Throughout this section we will let A be an affinoid L-algebra and X = Sp(A).
Suppose that 
is a complex of A-modules and M is an A-module such that Tor
Definition. An A-module Q is called nearly flat if Tor A j (Q, L(x)) = (0) for all j ≥ 1 and x ∈ Sp(A).
Recall that if x ∈ X(Q p ) and Q is an A-module Q x denotes the fiber Q ⊗ A L(x).
Proposition 4.1. If Q is a nearly flat generalized (ϕ, Γ K )-module over A then there is a first quadrant spectral sequence Tor
Proof. Apply the Künneth spectral sequence to M = L(x) and the Herr complex C
• ϕ,γK (Q). The hypothesis in the Künneth spectral sequence is valid since Q is nearly flat and each term of C • ϕ,γK (Q) is a direct sum of finitely many copies of Q. Proposition 4.2. Suppose f ∈ R L is not a zero divisor. If Q is a nearly flat generalized (ϕ, Γ K )-module over A then there is a four term exact sequence Following these two general base change theorems we can begin to set up a cohomology and base change framework.
Definition. If Q is a generalized (ϕ, Γ K )-module over A then we say Q has finite cohomology if H i (Q) is a finite A-module for each i = 0, 1, 2. In particular, if Q is a successive quotient of (ϕ, Γ K )-modules then Q has finite cohomology.
Proof. The statement (a) is the main theorem of [23] . The second statement follows from with the long exact sequence in cohomology. The final statement follows from (a) and (b) together.
If Q is a generalized (ϕ, Γ K )-module over A then we define functions on X by the formula
Notice the fiber is taken prior to taking cohomology. If Q has finite cohomology then Nakayama's lemma, together with the fact that affinoid algebras are Jacobson [10, Proposition 6.
is upper semi-continuous on X, and locally constant if and only if H i (Q) is flat. We will say that H i (Q) satisfies base change if the natural map Proof. One argues by descending induction on k. Since the cohomology vanishes in degrees k ≥ 3, the proposition is vacuous for k ≥ 4. When k = 3, H 2 (Q) is a cokernel, by definition, and thus always satisfies base change.
Fix k ≤ 2 and assume the result is true for k + 1. Since the hypotheses for k imply those of k + 1, the induction hypothesis implies that H k (Q) satisfies base change. By assumption, d k Q (x) is locally constant. Thus Nakayama's lemma implies that H k (Q) is flat over X. The fact that H k−1 (Q) satisfies base change now follows from Proposition 4.1.
Recall that if X is a reduced rigid space and x 0 ∈ X(Q p ) then a subset Z ⊂ X(Q p ) is said to accumulate at x 0 if there exists a neighborhood basis of affinoid neighborhoods U of x 0 such that Z ∩ U is Zariski dense in U for all U . By assumption on Z accumulating at X, the hypotheses of the proposition remain true after we've shrunk X. Thus we may re-do the same proof to show the result for i = 1 and then i = 0.
Triangulated families
Here we introduce triangulated families, families of (ϕ, Γ K )-modules which point-by-point have a triangulation. They aren't the most natural families to consider, as the data is given pointwise, but they will be a useful intermediary for Theorem 6.4.
Triangulated families.
Definition. A pointwise triangulated family of generalized (ϕ, Γ K )-modules with torsion centered at
and there exists a standard triangulation Q •,x whose free parameter is homothetic to (δ j,x ) i(x0)<j≤d ; (TF4) The triangulation Q •,x0 has:
-free parameter (δ j,y ) i(x0)<j≤d (TF6) For each C > 0 the set of points X nc,C = {y ∈ X nc : wt τ (δ j,y ) − wt τ (δ j−1,y ) > C for all 1 ≤ j ≤ d} accumulates at x 0 .
Regarding i(x 0 ), it is helpful to think of i(x 0 ) of the torsion length of the triangulation Q •,x0 . However, beware that this may not actually be the case. For example, replacing x 0 by y ∈ X nc we see from (TF5) that when if i(x 0 ) = 1 then Q y is a (ϕ, Γ K )-module. If we happen to choose s 1,τ = wt τ (δ 1,x0 ) for each τ then the same would be true at x 0 .
If i(x 0 ) = 0 then none of the torsion invariants exist in which case Q x is a trianguline (ϕ, Γ K )-module with triangulation Q •,x for each x ∈ X. We refer to the length d as the length of the family.
Remark. One more note before moving on: the axiom (TF5) does not have a typo, the torsion exponents are given in terms of weights of characters at the point x 0 and are independent of y ∈ X nc . This is why x 0 is called the "center" of the torsion.
Theorem 5.1. If Q is a nearly flat pointwise triangulated family with torsion centered at x 0 ∈ X(Q p ), free length d − i(x 0 ) > 0 and finite cohomology then there exists an affinoid open neighborhood x 0 ∈ U ⊂ X and a short exact sequence
Moreover, Q ′ is a nearly flat pointwise triangulated family with torsion centered at x 0 , free length d−i(x 0 )−1 and finite cohomology whose given data is the same as Q. Proof. This is an application of our cohomology and base change framework. To shorten notation, let k j,τ = wt τ (δ j,x0 ) and δ = δ i(x0)+1 τ z
. Note that wt τ (δ) = k 1,τ for each τ ∈ Σ K . We're going to compute the cohomology H
• (Q(δ −1 )). We begin by computing the cohomology at x 0 . First, H 2 (Q x0 (δ −1 x0 )) = (0) by (TF2) and the vanishing of cohomology in degree two for torsion (ϕ, Γ K )-modules. By Euler-Poincaré it remains to compute the cohomology in degree zero. For each j ≤ i(x 0 ) we have
Note that as j runs over integers 1 ≤ j ≤ i(x 0 ), (TF4) says that the first half of the differences, s j,τ − k 1,τ , on the right hand side are the exponents of the pure torsion pieces in the standard triangulation Q •,x0 . Thus Lemma 3.4, whose non-homothetic hypothesis is valid by (TF2), implies that there exists a unique, up to scalar, (ϕ,
Moreover, the computation also shows that any such inclusion factors via the unique subquotient
given by (TF4). We now compute the cohomology at (some) points y ∈ X nc . The first sentence of the previous paragraph applies mutatis mutandis to y and thus H 2 (Q y (δ −1 y )) = (0). Choose C so large that if y ∈ X nc C then for all τ and j > i(x 0 ), wt τ (δ j,y ) − wt τ (δ i(x0)+1,y ) is not among the finitely many values
This, along with (TF2), gives us precisely the hypotheses necessary to apply Lemma 3.4 and conclude that if
Again, any non-zero morphism R L(y) (δ y ) ֒→ Q y factors through the subquotient R L(y) (δ i(x0)+1,y ) of Q y . By (TF6) we can replace X nc by X nc C and assume that H 0 (Q y (δ −1 y )) has constant dimension over all of X nc . We now go back to the entire family. By the Euler-Poincaré formula the function y → dim L(y) H 1 (Q y (δ −1 y )) is constant on X nc and agrees with dim L(x0) H 1 (Q x0 (δ −1 x0 )). Since Q is nearly flat and has finite cohomology, Corollary 4.5 implies we can choose an open neighborhood x 0 ∈ U ⊂ X so that each H i (Q(δ −1 )) is free and satisfies base change for each i. We now replace X by such a U (and X nc by U ∩ X nc ). In particular, H 0 (Q(δ −1 )) is free of rank one and we can choose a basis vector e. Notice that at x = x 0 or x = y ∈ X nc we have that e x : R L(x) (δ x ) → Q x is injective. By Lemma 5.2(a) below we conclude that e is also injective. Let Q ′ = coker(e) so that there is a short exact sequence
Since Q has finite cohomology, so does Q ′ by Theorem 4.3. We also have to show that Q ′ is nearly flat (after possibly shrinking X more). Since Q is nearly flat and R X is flat, it suffices to show e x is injective for all x, after possibly shrinking X. Since e x0 is injective it suffices by Lemma 5.2(b) to show that Q[1/t] is finite flat over R X [1/t] . But this follows from [23, Lemma 2.1.
Finally, the statement regarding the inductive structure of Q ′ follows easily from our remarks on how e x factors at the points x = x 0 and x = y.
There were two points unresolved in the previous theorem. They're handled with the following lemma.
Lemma 5.2. Let X be a reduced affinoid space, Q a generalized (ϕ, Γ K )-module over X and f :
Proof. We need to make use of the recollection given in Section 2.1. Choose an r 0 so that Q arises via base change from X r0 and f arises from a (ϕ, 
is injective, as it factors f u and we've assumed that f u is injective. It is also surjective since tensor product is right exact. Thus it is an isomorphism.
We deduce from Nakayama's lemma, applied to the finite module I over the noetherian ring R
] since I v is a quotient of something free of rank one over X [s,r0] . Since X is reduced, so is X [s,r0] and we just showed that v → dim L(v) I v is constant on the relative annulus X [s,r0] .
Thus I must be flat over X [s,r0] by Nakayama's lemma again. In particular, R
[s,r0] X → I is an isomorphism, as was to be shown.
Let's now prove the second part and we note that the previous result didn't use that f was (ϕ, Γ K )-
. Using our hypothesis on Q[1/t], we may shrink X around x 0 so that Q u [1/t] has rank q over R L(u) [1/t], independent of u. Since f x0 is injective, f x0 [1/t] is injective also and thus rank(x 0 ) = q − 1. Since f is (ϕ, Γ K )-equivariant, Lemma 2.6 implies that C [1/t] . Thus, rank(u) is uppersemicontinuous on X. We now shrink X so that rank(u) = q − 1 for all u. In particular, ker f 
Killing torsion.
Notice that except in the case where i(x 0 ) = 0, Theorem 5.1 necessarily introduces torsion (ϕ, Γ K )-modules into the picture. Thus its utility rests on being able to eliminate, or kill, torsion in certain pointwise triangulated families. For that, we will need the following lemma. Lemma 5.3. Let τ ∈ Σ K . Suppose that Q is a nearly flat generalized (ϕ, Γ K )-module, x 0 ∈ X(Q p ) and Z ⊂ X(Q p ) is a set of points accumulating at x 0 such that: (a) there exists non-negative integers s, r such that for all u ∈ X(Q p ), Q u is triangulated with non-zero τ -torsion exponents (m i,τ (u)) 1≤i≤s and free parameter of length r,
Proof. Let's begin by elucidating the first assumption. Since t τ and t σ are maximally coprime if τ = σ, the first assumption implies that Since m i,τ (u) ≥ 1 for all i and u, we see visibly that Q u /t τ is free of rank r + s for each u ∈ X. Let 1 ≤ m ′ < m and assume
If we show that we may shrink X so that m ′ < m i,τ (u) for each i and u ∈ X then the same will be true for m ′ + 1 and we'll be done. 
If we define
is free over R L(u) /t τ for any u. Now specialize to u = x 0 or u ∈ Z. From the assumptions (b) and (c) we have that Q ′ u /t τ has rank r + s at u = x 0 and at u ∈ Z. Since Z accumulates at x 0 , we can shrink X so that Q ′ u /t τ has rank r + s everywhere on X. But from the formula for Q Recall we defined the τ -torsion length ℓ τ (Q) of generalized (ϕ, Γ K )-modules in Section 3.3. If we know that Q has a standard triangulation Q • then its τ -torsion length is the number of steps with non-zero τ -torsion exponent.
Proposition 5.4. Suppose that Q is a nearly flat pointwise triangulated family with torsion centered at x 0 ∈ X(Q p ) and non-critical points X nc . If τ ∈ Σ K such that the ℓ τ (Q x0 ) = ℓ τ (Q y ) at one (and hence all) y ∈ X nc then there exists an affinoid neighborhood
Proof. We're going to eventually apply Lemma 5.3. Note that Q x /t τ is free over R L(x) /t τ for all x ∈ X(Q p ). Moreover, the rank is minimized at x = x 0 since it agrees with the rank over the Zariski dense set X nc . By (TF3), the free parameters of the family have constant length
, we may shrink X and assume that the τ -torsion lengths are also constant on the entire family. In particular, the first hypothesis of Lemma 5.3 is verified. By (TF5), the minimal torsion exponent at y ∈ X nc is given by wt τ (δ 2,x0 ) − wt τ (δ 1,x0 ), independent of y. Thus the second hypothesis of Lemma 5.3 is verified. On the other hand, by (TF1), wt τ (δ 2,x0 ) − wt τ (δ 1,x0 ) is also the smallest possible value for the non-zero elements of the set {s j,τ − wt τ (δ 1,x0 )} j=1,...,d . Thus the third hypothesis of Lemma 5.3 is satisfied.
By Lemma 5.3 we know that Q/t wtτ (δ2,x 0 )−wtτ (δ1,x 0 ) τ is flat over R U /t wtτ (δ2,x 0 )−wtτ (δ1,x 0 ) τ for some affinoid neighborhood U of x 0 . Replacing X by U we're done by Proposition 4.2.
Corollary 5.5. Suppose Q is a nearly flat pointwise triangulated family with torsion centered at x 0 ∈ X(Q p ), non-critical points X nc and for each τ ∈ Σ K , we have ℓ τ (Q x0 ) = ℓ τ (Q y ) for one (and hence all) points y ∈ X nc . Then (a) For each τ there exists a unique 1 ≤ j τ ≤ i(x 0 ) such that s jτ ,τ = k 1,τ .
(b) There exists an affinoid neighborhood x 0 ∈ U ⊂ X such that
] is a pointwise triangulated family over U with torsion centered at x 0 and modified data
• torsion weights (s j,τ ) j =jτ ,
Proof. The fact that the j τ exists is clear since the τ -torsion lengths are constant on X nc and concur with the lengths at x 0 . By Proposition 5.4 we may compute the fibers of Q ′ as:
The image, by definition, lands in the torsion part of Q x and hence can only effect the torsion exponents of the standard triangulation on Q ′ x , and this is only a statement about modules over the Robba ring. Thus the result follows from the observation that
has torsion exponent s − k 2,τ for any s ≥ k 2,τ > k 1,τ .
p-adic variation in refined families
We are now ready to state and prove the main theorem of this article. The notion of refined families given below is inspired by [3, Chapter 4 ] (see also [26, §5] ). They arise naturally as arithmetic families of (ϕ, Γ K )-modules over rigid spaces, for example eigenvarieties.
6.1. Refined families. Let X = Sp(A) be a reduced L-affinoid space.
× of continuous characters, and -a Zariski dense subset X cl ⊂ X(Q p ) such that the following axioms hold: (RF1) For each x ∈ X(Q p ) and τ ∈ Σ K ,
We now label the Hodge-Tate-Sen weights by κ i,τ (x) := wt τ (δ i,x ). (RF2) For each x ∈ X cl and i = 1, . . . , d, the character δ i,x is crystalline.
(RF3) If x ∈ X cl then D x is crystalline, the Hodge-Tate weights satisfy
for each τ ∈ Σ K , and the ϕ fK eigenvalues {φ 1 (x), . . . , φ d (x)} all live in L(x) × , are distinct, and given by
for some (any) uniformizer ̟ K ∈ K × . (RF4) By (RF3) and Proposition 3.1, every point x ∈ X cl has a unique triangulation P •,x corresponding to the ordering (φ 1 (x) , . . . , φ n (x)) of (distinct) crystalline eigenvalues. Let X nc cl := {x ∈ X cl : P x is a non-critical triangulation} . Then, for all C > 0 the set
is Zariski dense in X and accumulates at every point in X cl .
We will often abuse language and call D the refined family, with the ordered parameter (δ i ) i=1,...,d and the subset X cl understood. The subscript "cl" is meant to mean classical, but note that there are slight restrictions. Indeed, a refined family for us has a distinctness hypothesis on not only the Hodge-Tate weights over X cl but also the crystalline eigenvalues. In applications we will work with a slightly stronger condition.
Definition. Suppose that D is a refined family of (ϕ, Γ K )-modules over X. We say that x ∈ X cl is very ϕ-regular if
The set of all very ϕ-regular points is denoted by X ϕreg cl .
Just as axiom (RF4) says that classical points are well-approximated by points whose Hodge-Tate weights are extremely regular (i.e. far apart), the following proposition shows that we can, moreover, make such approximations by very ϕ-regular points as well. We let X Proof. Let x ∈ X cl . Since each character δ i : K × → A × is continuous we may choose a neighborhood U of x so that the slopes v p (δ i,u (̟ K )) =: ν i are constant on U for some (and hence any) uniformizer ̟ K . Let
cl,C ′ ∩ U and we will show u is very ϕ-regular.
• Suppose i < j and
we can take p-adic valuations and get, since u ∈ U , that
Thus u / ∈ X nc cl,C ′ , a contradiction.
is not a simple eigenvalue on D cris (∧ i D u ) then one may construct a list of pairs of integers i 1 < j 1 , . . . , i s < j s such that φ i1 (u) · · · φ is (u) = φ j1 (u) · · · φ js (u) for some s ≥ 1. Once again, taking slopes we get
a contradiction. This concludes the proof.
In the remainder of this subsection we show that point-by-point, a refined family of (ϕ, Γ K )-modules may be triangulated (in an essentially unique way depending on the ordered parameter (δ 1 , . . . , δ n )). In particular, we show that a refined family is naturally a pointwise triangulated family (with no torsion). We begin by dealing with the axiom (TF2). i,u δ j,u is generic up to homothety for all u ∈ U (Q p ) and i < j.
Proof. Let (r τ ) τ be any tuple of integers and set η = δ
. We have to show η u is generic for u near x. Choose a uniformizer ̟ K of K × . Then by the dictionary Proposition 3.1
If η x is not generic then a comparison of weights shows that that
However, since x is very ϕ-regular and i < j this is explicitly ruled out. Thus η x is generic. To conclude over an affinoid neighborhood we make use of cohomology and base change arguments. As explained in (RF4), axiom (RF3) and Proposition 3.1 imply that for each x 0 ∈ X cl there exists a triangulation P •,x0 of D x0 whose parameter ( δ 1,x0 , . . . , δ d,x0 ) is homothetic to (δ 1,x0 , . . . , δ d,x0 ). Moreover, if x 0 ∈ X ϕreg cl then Proposition 6.2 implies that P •,x0 is the unique such triangulation of D x0 . Thus we may unambiguously refer to the parameter ( δ 1,x0 , . . . , δ d,x0 ) for x 0 ∈ X ϕreg cl . Proposition 6.3. If x 0 ∈ X ϕreg cl then there exists an open affinoid neighborhood x 0 ∈ U ⊂ X such that D U is a pointwise triangulated family with torsion center x 0 (but without actual torsion) and given data
Consider the functions
• torsion weights (wt τ ( δ 1,x0 ) 
, and • center x 0 .
Proof. We've been given the data in the statement of the proposition and so our task is to verify the axioms (TF1) -(TF6). The axiom (TF1) is clear by (RF3) and the definition of the parameter ( δ 1,x0 , . . . , δ d,x0 ). Next, we may shrink X so that δ −1 i δ j is everywhere generic up to homothety by Lemma 6.2, giving (TF2).
The axioms (TF4) -(TF6) are easily verified by the remarks preceding the theorem, and (RF4). Thus it remains to check (TF3), i.e. that each point x is triangulated by a triangulation whose parameter is homothetic to (δ 1,x , . . . , δ d,x ) . But if u ∈ X nc cl then this is true at u and, moreover, by definition of noncritical we have that D u has ordered parameter (δ 1,u , . . . , δ d,u ) on the nose. As we've already verified this is the unique triangulation with this parameter up to homothety, the (ϕ, Γ K )-module D is densely pointwise strictly trianguline with ordered parameter (δ 1 , . . . , δ d ) in the sense of [23, Definition 6.3.2] . Thus the existence of the triangulation demanded by (TF3) is deduced from [23, Theorem 6.3.13] .
Continue to let D be a refined family of (ϕ, Γ K )-modules and let x ∈ X ϕreg cl . Using Proposition 6.3 we assume, by shrinking X, that for all u ∈ X, the (ϕ, Γ K )-module D u has a unique triangulation whose parameter ( δ 1,u , . . . , δ d,u ) is homothetic to (δ 1,u , . . . , δ d,u ) . It deserves a name Definition. Let u ∈ X(Q p ). The canonical (with respect to the refined family D) triangulation is the unique triangulation of D u whose parameter is homothetic to (δ 1,u , . . . , δ d,u ).
Note that u → δ i,u does not, in cases of interest, glue to define a continuous character δ i :
In fact that will essentially only happen at points u where δ i,u = δ i,u . The best one can hope for is that a certain subparabolization of the canonical triangulation does analytically vary over X.
Definition. Let x ∈ X(Q p ) and P •,x = (P i,x ) be the canonical triangulation. We say that
is the set of non-critical indices then we define the maximal non-critical parabolization P nc
then a comparison of Hodge-Tate weights implies that the previous definition agrees with the one(s) given in Section 3.2.
Suppose that x ∈ X cl . If x is non-critical then one knows that the τ -Hodge-Tate weights of P i,x are {κ 1,τ (x), . . . , κ i,τ (x)} by Lemma 3.2 and the definition of non-critical. Thus, for general x ∈ X cl , Sen's theory of Hodge-Tate weights in families [29] implies that one can only hope for P i,x to extend to an affinoid neighborhood provided HT τ (P i,x ) = {κ 1,τ (x), . . . , κ i,τ (x)}. That is, if we hope to spread P i,x out over a neighborhood then we need to know a priori that i ∈ I nc x . Our main theorem is that the converse is true. Theorem 6.4. If D is a refined family of (ϕ, Γ K )-modules over X and x 0 ∈ X ϕreg cl then there exists an affinoid neighborhood x 0 ∈ U ⊂ X and a parabolization P nc of D U such that for each u ∈ U , the parabolization P Proof of theorem. The proof will happen in three steps. By Proposition 6.3, D is a pointwise triangulated family with center x 0 but without torsion. Fix the unique 1 ≤ n ≤ d such that P nc 1,x0 = P n,x0 . We assume that n < d, or else the theorem is proven already. For each τ fix the unique 1 ≤ n τ ≤ n such that κ 1,τ (x 0 ) = wt τ ( δ nτ ,τ ) . Let Q 0 = D and X 0 = X. Claim (Step 1). There exists sequences {Q i } 0≤i≤n and {X i } 0≤i≤n of pointwise triangulated families Q i over (nested) X i with torsion center x 0 such that there is an exact sequence Proof of Step 1. To prove the claim, one easily argues by induction on i using Theorem 5.1.
Since n τ ≤ n for each τ we see from the choice of torsion weights and the definition of n τ that Q n,x0 has τ -torsion length ℓ τ (Q n,x0 ) = n − 1. On the other hand, if u ∈ X nc n then ℓ τ (Q n,u ) = n − 1 as well. Thus the τ -torsion lengths at x 0 agree with the τ -torsion lengths on a set accumulating at x 0 . We will now kill the torsion. Proof of Step 3. To see this, first note that the τ -torsion length of C n is d − n, which is also equal to the length of the free parameter of C n . Thus, C n is a pointwise triangulated family centered at x 0 but without torsion. Since the rank of C n is constant we deduce that C n is a bona fide (ϕ, Γ K )-module of rank d − n, over some affinoid x 0 ∈ U ⊂ X. In particular, it follows that P nc 1 is a (ϕ, Γ K )-module.
The third claim being shown, we now finish the proof. For each u, P n,u is the unique (ϕ, Γ K )-submodule of D u such that D u /P n,u is triangulated with ordered parameter homothetic to (δ n+1,u , . . . , δ d,u ). In particular, since C n,u is also such a (free) quotient we deduce that P nc 1,u = ker(D u → C n,u ) = ker(D u → D u /P n,u ).
Thus P nc 1 is a (ϕ, Γ K )-module interpolating the pointwise steps P n,u in the triangulations of D u . In particular, it interpolates P n,x0 = P nc 1,x0 , as was to be shown.
Ramification of weights
Let D be a refined family of (ϕ, Γ K )-modules over a reduced L-affinoid space X = Sp(A) with parameter (δ 1 , . . . , δ d ) and classical points X cl . For each i = 1, . . . , d and τ ∈ Σ K , we consider the analytic functions κ i,τ (x) := wt τ (δ i,x ) ∈ Γ(X, O). The goal of this section is to study the infinitesimal differences κ i,τ − κ j,τ near classical points.
Suppose that x 0 ∈ X cl , write P •,x0 for its triangulation defined by axiom (RF3) and ( δ 1,x0 , . . . , δ d,x0 ) for the corresponding parameter. For each τ , the list of Hodge-Tate weights {wt τ (δ 1,x0 ) , . . . , wt τ (δ d,x0 )} must be the same as the list of integers {κ 1,τ (x 0 ), . . . , κ d,τ (x 0 )}. In particular, for each τ there is a unique permutation π x0,τ on d letters such that wt τ ( δ πx 0 ,τ (i),x0 ) = κ i,τ (x 0 ).
To connect this with the non-critical jumps, decompose the permutation π x0,τ = π 1 . . . π s into disjoint cycles. Then the τ -non-critical indices of P •,x0 are exactly the maximal integers appearing in the cycles π 1 , . . . , π s (for this, we assume that i → i is a cycle of length 1). Moreover, there is a way (which is slightly messy) of reading off the length of the maximal non-critical parabolization P Before giving the proof, let us make a few brief remarks. As mentioned in the introduction, the theorem was discovered independently by the author and Breuil. A proof, similar to the one we are about to give, is given in [11, Lemme 9.6 and Théorème 9.7]. We've taken an extra effort to state a more precise result, dealing with all the weights and over a finite extension K/Q p .
Proof of Theorem 7.1. We begin by making several reductions. First, since x 0 ∈ X ϕreg cl we may shrink X to U so that the refined family D is equipped with a parabolization 0 = P Secondly, we may assume that P nc •,x0 is the trivial parabolization 0 D x0 . Indeed, we choose the unique integer j such that P nc j,x0 contains the weight κ i,τ (x 0 ). By definition, of the permutation π x0,τ and the maximal non-critical parabolization, it also contains the weight κ πx 0 ,τ (i),τ (x 0 ) for each τ ∈ Σ K . Now replace D by P (L(x 0 )[ε] ), see [24, 30] . In that case X Dx 0 (L(x 0 )[ε]) ≃ Ext 1 (D x0 , D x0 ). What we just showed is that the obvious differences of Hodge-Tate weights are constant over the tangent space to X h Dx 0 ,R•,x 0 . This is the deformation-theoretic angle studied in [7, Theorem 3.3] .
